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Preface

In many cases, information about the behavior of a dynamical
system is uncertain. In order to obtain a more realistic (not more
exact!) model, we have to take into account these uncertainties. Also,
in several cases the uncertainties are not of statistical type. For
example, having some linguistic information and when we cannot
repeat a measurement are such cases.

Fuzzy differential equations (FDE) are a natural way to model
dynamical systems under possibilistic uncertainty. Also, in modeling
real world phenomena, fuzzy initial value problems (FIVVP) appear
naturally and not always as a fuzzified version of a crisp problem.
Therefore, we do not start with a crisp equation which is fuzzified, but
with a fuzzy model adequate for some real world phenomena.
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Chapter 1 Page 1/1

Fundamentals of Fuzzy Sets

In mathematics, fuzzy sets are sets whose elements have degrees of membership. Fuzzy
sets were introduced by Lotfi A. Zadeh and Dieter Klaua in 1965 as an extension of the
classical notion of set. At the same time, Salii (1965) defined a more general kind of
structure called an L-relation, which he studied in an abstract algebraic context. Fuzzy
relations, which are used now in different areas, such as linguistics (De Cock, Bodenhofer &
Kerre 2000) decision-making (Kuzmin 1982) and clustering (Bezdek 1978), are special cases
of L-relations when L is the unit interval

[0, 1].

In classical set theory, the membership of elements in a set is assessed in binary terms
according to a bivalent condition — an element either belongs or does not belong to the set.
By contrast, fuzzy set theory permits the gradual assessment of the membership of elements
in a set; this is described with the aid of a membership function valued in the real unit
interval [0, 1]. Fuzzy sets generalize classical sets, since the indicator functions of classical
sets are special cases of the membership functions of fuzzy sets, if the latter only take values
0 or 1. In fuzzy set theory, classical bivalent sets are usually called crisp sets. The fuzzy set
theory can be used in a wide range of domains in which information is incomplete or
imprecise, such as bioinformatics.

1.1 Introductions of Fuzzy Sets

Definition of Fuzzy Set
A fuzzy setis a pair (A, ua) where Aisaset and ua: A—[0,1].
For each x the value ua(x) is called the grade of membership of = in (A us) .For a

LA(X1) | paxg) ﬂA(Xn)} .

X1 X2 Xn
Let xe A Then X is called not included in the fuzzy set (A ua) If ua(x)=0, x is called

fully included if ua(x)=1 and x is called a fuzzy member if 0< ua(x)<1

Example : We consider statement "Jenny is young". At this time, the term "young" is
vague. To represent the meaning of "vague™ exactly, it would be necessary to define its
membership function as in Fig 1.1. When we refer "young", there might be age which lies in
the range [0,80] and we can account these "young age" in these scope as a continuous set.
The horizontal axis shows age and the vertical one means the numerical value of
membership function. The line shows possibility (value of membership function) of being
contained in the fuzzy set "young". For example, if we follow the definition of "young" as in
the figure, ten year-old boy may well be young. So the possibility for the "age ten” to join
the fuzzy set of "young is 1. Also that of "age twenty seven" is 0.9. But we might not say
young to a person who is over sixty and the possibility of this case is 0.Now we can
manipulate our last sentence to "Jenny is very young". In order to be included in the set of



"very young", the age should be lowered and let us think the line is moved leftward as in the
figure. If we define fuzzy set as such, only the person who is under forty years old can be
included in the set of "very young". Now the possibility of twenty-seven year old man to be
included in this set is 0.5.

That is, if we denote A= "young" and B="very young",
1n(27)=0.9, us(27) = .5

membership

1.0

0.9

10 20 27 30 40 S50 &0 P age
Fig. 1.1. Fuzzy sets representing “young” and “very young”

1.2 Expanding concepts of Fuzzy Set

1.2.1 Definition (Type-n Fuzzy Set) : The value of membership degree might
include uncertainty. If the value of membership function is given by a fuzzy set, it is a type-2
fuzzy set. This concept can be extended up to Typen fuzzy set.

Example : Consider set A= “adult”. The membership function of this set maps whole
age to “youth”, “manhood” and “senior. For instance, for any person x, y, and z,
ua(x) = “youth”
ua(y) = “manhood”
un(z) = ¢ .
The values of membership for “youth” and “manhood” are also fuzzy sets ,and thus the set
“adult” is a type-2 fuzzy set.The sets “youth” and “manhood” are type-1 fuzzy sets. In the
same manner, if the values of membership function of “youth” and “manhood”are type-2, the
set “adult” is type-3.

4 @)

A

Fig. 1.2. Fuzzy Set of Type-2
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1.2.2 Definition (Level-k fuzzy set): The term “level-2 set” indicates fuzzy sets
whose elements are fuzzy sets (Fig 1.8). The term “level-1 set” is applicable to fuzzy sets
whose elements are no fuzzy sets ordinary elements. In the same way, we can derive up to
level-k fuzzy set.

0.5 1.0 05

Example : In the figure, there are 3 fuzzy set elements Az{—,—,—}
Al A2 A3

Al A2 A3

AN AAN

Fig. 1.3 (a) elements of level-2 fuzzy set, Al, A2,A3

1.0+
lLlA(Al) = 05 1 Al AZ A3
ua(A2)=1.0
ua(A3)=0.5

Fig. 1.3 (b) level-2 fuzzy set

Example : Consider a universal set X which is defined on the age domain.
X ={5, 15, 25, 35, 45, 55, 65, 75, 85}

We can define fuzzy sets such as “infant”, “young”, “adult” and “senior” in X.
The possibilities of each element of x to be in those four fuzzy sets are in Table

age(element) infant young adult senior

5 0 0 0 0

15 0 0.2 0.1 0

25 0 1 0.9 0
35 0 0.8 1 0

45 0 0.4 1 0.1
55 0 0.1 1 0.2
65 0 0 1 0.6
75 0 0 1 1

85 0 0 1 1

Example of fuzzy set
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1.3 Some kind of Fuzzy Set:

1.3.1 ¢@-Cut Set:
The a-cut set A« is made up of members whose membership is not less than .

Ac ={xeX| ua(xX) > o}
note that o is arbitrary. This a-cut set is a crisp set.
Strong o-Cut: Asa = {xeX| ua(xX)>a}

Example: In the example 1.4,

Youngo2 ={15, 25, 35, 45}
Young +o02 ={25, 35, 45}

1.3.2 Levelset:
The value o which explicitly shows the value of the membership function, is in the
range of [0,1]. The “level set” is obtained by the a’s. That is,

Ar={o| ua(X) = o, x =20, x € X}
Example: The level set of the above fuzzy set “young” is,
A~={0, 0.1, 0.2, 0.4, 0.8, 1.0}

1.3.3 Fuzzy Subset :

A Fuzzy set A is said to be fuzzy subsetof B if Vx €A, uu(x) < ug(x).

134 Hightof the Fuzzy Set:  h(A) =sup{ua(x)}, for Continuous

XeX

h(A) =sup{ua(x)}, for Discrete

XeX

1.3.5 Normal Fuzzy Set :

A Fuzzy Set A is said to be normal if h(A) =1

1.3.6 Core of Fuzzy Set :
core(A) ={x e X | ua(x) =1}

1.3.7 Support of the Fuzzy Set :
supp(A)={x € X | ua(x) >0}

Fundamentals of Fuzzy Sets Page 1/4




1.3.8 Definition (Convex fuzzy set):
Assuming universal set X is defined in ndimensional Euclidean Vector space R". If

all the a- cut sets are convex,the fuzzy set with these a-cut sets is convex. In other words, if a
relation

W, (t)=min{p,(r),p,(s)} where t=Ar+(1-2)s; r,seR"

A

22405}
Hafs)
afr)

Aaft)
2,08 7

20

r t

Fig 1.4 a) Convex Fuzzy Set M, (t)> UA(Y) Fig 1.4 b) Non-Convex Fuzzy Set
W (1) 2> Wy (1)

1.4 The Magnitude of Fuzzy Set:

In order to show the magnitude of fuzzy set, there are three ways of measuring the

cardinality of fuzzy set.

1.4.1)scalar cardinality:
we can derive magnitude by summing up the membership degrees.

A= ua(x)

XeX

The magnitude of fuzzy set “senior” (in the example 1.4) is,
|senior| =0.1+0.2+06+1+1=29

1.4.2)relative cardinality:
Comparing the magnitude of fuzzy set A with that of universal set X can be an idea.

A

Al
2

In the case of “senior”,|senior| = 2.9, |X]| = 9,||senior|| = 2.9/9 = 0.32

1.4.3)Fuzzy cardinality:
Let’s try to get a-cut set (crisp set) A, , of A. The number of elements is |A,|. In other

words, the possibility for number of elements in A to be |4,| is a. Then the membership

degree of fuzzy cardinality |A| is defined as,
wa (lAg]) = a,a € Ay ,Where A, is aa-cutsetand A, is a level set.

In the example 1.4, If we cut fuzzy set “senior” at 0=0.1, there are 5 elements in the

a-cut set.
senior0.1 = {45, 55, 65, 75, 85}, [senior0.1| = 5.
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In the same manner, there are 4 elements at 0=0.2, there are 3 at 0=0.6, there are 2 at
a=1. Therefore the fuzzy cardinality of “senior” is

|senior| = {(5, 0.1), (4, 0.2), (3, 0.6), (2,1)}.

1.5 Standard Operations of Fuzzy Set:

Complement set A , union AUB, and intersection ANB represent the standard
operations of fuzzy theory and are arranged as,

pr(x)=1— 11,(x)
ap(x) = Max[ g, (x), 143 (x)]

Mg (x) = Min[ g, (x), 115 (x)]

1.5.1 Fuzzy Complement:
Complement set A of set A carries the sense of negation. Complement set may be
defined by the following function C.
Complement function C:[0,1]—[0,1] is designed to map membership function
4 (x) of fuzzy set A to [0,1] and the mapped value is written as Clp4(x)]
i.e. wi(x) = Clua (0]
To be a fuzzy complement function,when the axioms should be satisfied.

(Axiom C1): C(0)=1,C(1)=0.....ccccevierrinnnn. (boundary condition)
(Axiom C2): a,b€e[0,1],ifa< b, then C(a)=C(b).......... (monotonic nonincreasing)

Symbols a and b stand for membership value of member x in A.

For example, when p, (x)=a, pa (¥)=b; X,y € X, if s (x) < pa(y), Clpa(x)) =C(na ().

C1 and C2 are fundamental requisites to be a complement function.
hese two axioms are called “axiomatic skeleton”. For particular purposes,we can
insert additional requirements.

(Axiom C3) :  Cis a continuous function.
(Axiom C4) :  Cisinvolutive. C(C(a)) = a, V a€[0,1]
2,04 ;ﬁ(x)‘

I x i x
Fig 1.5 standard complement set function
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Examples:

(C1)
(C2)
(C3)

(C4)

b)

(C1)

(C2)

C(a) - 1+c02s(1ta)

C0)=1andC(1)=0
C’(a) =Y msin(m a) < 0 since sin(rr a) > 0 fora € (0,1)
Is continuous as a composition of continuous functions

not valid — counter example

e@) =) = 2 (1-55) # }

C@=(1- aw)%, for w>0 ('Yager class)

C0)=1andC(1)=0

(1-a¥)w>(1-bW)w

= (1-d") = ({1-b")
= gV <pW¥
= a<b

(C3)

(C4)

Is continuous as a composition of continuous functions

c(c(a)) = c((l —a'w')%) — (1 _ [(1 _awﬁr")%

= (1-(1-a®))w = (a®)w = a

Fundamentals of Fuzzy Sets
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1-a

1-Aa

C) C(a) = for 1>-1 (Sugeno class)

(C1) C(0)=1andC(1)=0

(C2)

c(a) > e(b) & 155 > 100 ©
(1—a) (A4 A > (1— D) (14 ra) &
bOA+1)>a(A+1) & b>a

(C3) Is continuous as a composition of continuous functions
(C4)
1_ l—a
: _ l—a \ . a(A+1) __
c(c(@)) = c(75%) = e = aQil) = 4

B S {

IFira

1.5.2 Fuzzy Union:

Union of A and B is specified by a function of the form.

U:[0,1]%[0,1]—[0,1]
This union function calculates the membership degree of union AUB from those of A
and B.

Uaus (x) = U(ua(x), pp(x))

This union function should obey next axioms.

(AxiomU1): U(0,0)0=0,U0,1)=1,U(1,00=1,U,1)=1......... (boundary condition)
(Axiom U2):  U(a,b)=U(b,a)................... (Commutativity)

(Axiom U3) : If a<a’and b<b’ => U(a,b) < U(a’,b’)........... (monotonic condition)
(AxiomU4):  U(U(a,b),c)=U(a, U, C)).ceevverrnnnnn.n. (Associativity)

The above four statements are called as “axiomatic skeleton”. It is often to restrict the
class of fuzzy unions by adding the following axioms.

(Axiom U5): Function U is continuous.

(Axiom U6): U@, a)=a................... (Idempotency)

Fundamentals of Fuzzy Sets Page 1/8



Examples of Union Function :

Yager’s union function holds all axioms except U6.

U, (a,b) = Min[1, (a¥ + b*)w], where w € (0, )

The shape of Yager function varies with parameter w. For instance,

w=1 ,leadsto U;(a, b) = Min[1, a+b]
w=2 ,leadsto U,(a, b) = Min[1, Va? + b?]

What if w increases?
Supposing w—oo, Yager union function is transformed into the standard union function.

1
lim Min[1, (2" +b™)"] = Max(a,b)

A

7

| 4

AB

B

»

R

A

-

L

i

_

s

D

)

Fig 1.6 Visualization of standard union operation

1.5.3 Fuzzy Intersection :
Intersection ANB is defined by the function I.
1:[0,1] x [0,1] — [0,1]
The argument of this function shows possibility for element x to be involved in both
fuzzy sets A and B.

Uang () = I(ua(x), pp(x))

Fundamentals of Fuzzy Sets Page 1/9



Intersection function holds the following axioms:

(Axiom 1) : I(1, 1H)=1,1(1,0)=0,1(0, 1) =0, 1(0, 0) =0........... (boundary condition)
(Axiom 12) : I(a,b)=1(b,a)...cccevviiiniininn. (Commutativity)

(Axiom U3) : If a<a’andb<b’ => I(a,b)<I1(a’,b’)........... (monotonic condition)
(AxiomU4) :  I(I(a,b),c)=1I(a, I(b,c)).c..eevrrernin.... (Associativity)

The above four statements are called as “axiomatic skeleton”.

(Axiom U5): Function | is continuous.
(Axiom U6): I(a,a)=a................... (Idempotency)
Examples of Intersection Function :

Yager’s Intersection function holds all axioms except 16.
1
I,(a,b) =1—Min[1,(1—a)” + (1 —-Db)"¥)»], where we (0,)

The shape of Yager function varies with parameter w. For instance,
w=1 ,leadsto I;(a, b) = 1-Min[1, 2-a-b]
w=2 | leadsto L(a, b) =1- Min[1, /(1 — @)% + (1 — b)?]

What if w increases?
Supposing w—oo, Yager union function is transformed into the standard union function.

lim(1- Min[1, (1 - )" +(1—b)W)V1V] — Min(a, b)

Fig 1.7 Visualization of standard fuzzy intersection set
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1.6 Distance in Fuzzy Set :

(1.6.1) Hamming distance: This concept is marked as,
d(AB)= > |ua(xi)— us(x)|
i=1, Xie X

Example: Following A and B for instance,
A ={(x1,0.4), (x2,0.8), (x3,1), (x4,0)}
B = {(x1, 0.4), (x2, 0.3), (x3, 0), (x4, 0)}
Hamming distance , d(A, B) =|0| +|0.5| +|1| +|0] =1.5

Assuming n elements in universal set X; i.e., |X| = n, the relative Hamming distance is,

s(a )= 3AB)
n
(1.6.2) Euclidean distance: e(AB)= \/21: (pa(X) - zUB(X))2

Euclidean distance between sets A and B used for the previous Hamming distance is

e(A B) =02 +0.5° +12 +0° =4/1.25 =1.12

e(A,B
and relative Euclidean distance is €(A,B) = ( - ) .

1

(1.6.3) Minkowski distance : dw(A,B) = (XZ;( | ea(x) ﬂB(X)\WJ W € [1,00)
(=

Generalizing Hamming distance and Euclidean distance results in Minkowski distance. It
becomes the Hamming distance for w = 1 while the Euclidean distance for w = 2.

1.7 t-norms and t-conorms:

1.7.1 Definition (t-norm):
T :[0,1]%[0,1]-[0,1]
vx,y,x’,y’,z€[0,1]

)T(x,0)=0,T(X, 1)=Xureevreirrin.ns boundary condition
1) T, Y)=T(Y, X) e, commutativity
) (X <x’, y <y’) =>TX Y)<TX, ¥ )ereerienrnnnn monotonicity

1v) T(T(x, y), z) = T(x, T(y, 2)) .cvev....... associativity
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Now we can easily recognize that the following operators hold conditions for t-norm
(1) Intersection operator

(2) Algebraic product operator

(3) Bounded product operator

(4) Drastic product operator

1.7.2 Definition (t-conorm (s-norm)):
1:[0,1]%[0,1]-[0,1]
VX, y,X’,y’,z €[0,1]
)L(X0=xLx 1)=1...... boundary condition
M LGY)=L(Y,X) e, commutativity
) (X <x’, y<y)» L (X, Y)S L (X, y)......... monotonicity
V) L(L(XY),2)=LX L(y,2)cun..n associativity

examples of t-conorm operators :

(1) Union operator

(2) Algebraic sum operator

(3) Bounded sum operator

(4) Drastic sum operator

(5) Disjoint sum operator

All t-norm and t-conorm functions follow : T(a, b) < Min[a, b] & L(a, b) <Max[a, b]

1.8 Cartesian product :

Denoting 4, (x), ua, (x), ..., g, (x) as membership functions of A, 4, ...., A, for
Vx, €A,x, €EA,, ..., x, €A, ,then the probability for n-tuple (x;, x5, ...., x;,) to be
involved in fuzzy set A; X A, X ....X A, IS,

:uAlezx....xAn(xb X3y weeer Xp) = Min[llAl (xl)uqu (x2), ... yHa, (x)]

1.9 Fuzzy relation:

Fuzzy relation has degree of membership whose value lies in [0, 1]
pir:A X B = [0,1]

R = {(xiy)uuR(x'y))l:uR(x'y) = le EA'y € B}

1.9.1 Domain and range of fuzzy relation:
When fuzzy relation R is defined in crisp sets A and B, the domain and range of this
relation are defined as

HMdom(R) ()C) —max /,IR()C, y )
yeB

Lran®)(Y) ~max Hr(X, Y)

Set A becomes the support of dom(R) and dom(R)<A . Set B is the support of ran(R)
and ran(R)<B.
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1.10 Fuzzy Matrix:

Given a certain vector, if an element of this vector has its value between 0 and 1, we
call this vector a fuzzy vector. Fuzzy matrix is a gathering of such vectors. Given a fuzzy
matrix A=(a;;) and B=(b;;), we can perform operations on these fuzzy matrices

(1) Sum...........oo.. A+B= Max(aij, b”)
(2) Max product........... AeB = '?(\B = max[min(aik ) bkj):|
(3) Scalar product............. AA,where0<A<1
0.2 05 0.0 1.0 0.1 0.0 1.0 05 0.0
Example: A=/04 10 01|,B={00 00 05}; A+B=[04 1.0 05
0.0 1.0 0.0 00 10 01 00 10 0.1

Suppose C=AeB then C,=0.1is calculated by applying the Max-Min operation

to the values of the first row (0.2, 0.5 and 0.0) of A , and those of the second column
(0.1, 0.0 and 1.0) of B.

_ 0.2 05 00
Mind 01 00 10
01 00 00 Max= 0.1
In the same manner C,=0.5
02 01 05
.. C=AeB=/04 0.1 05
0.0 0.0 05

1.10.1  Fuzzy relation matrix:

If a fuzzy relation R is given in the form of fuzzy matrix, its elements represent the
membership values £ (i, J) of this relation then , Mg = (2 (i, j))

Example:
Mg | a b c Ms | a b c
1 0.3 0.2 1.0 1 0.3 0.0 0.1
2 0.8 1.0 1.0 2 0.1 0.8 1.0
3 0.0 1.0 0.0 3 0.6 0.9 0.3
Mg s ‘a b ¢ Mg s ‘a b c
1 0.3 0.2 1.0 1 0.3 0.0 0.1
2 0.8 1.0 1.0 2 0.1 0.8 1.0
3 0.6 1.0 0.3 3 0.0 0.9 0.0
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1.10.2 Composition of fuzzy relation:

Two fuzzy relations R and S are defined on sets A, B and C. That is, REAXB,SSBXC.
The composition Se R=SR of two relations R and S is expressed by the relation from A to C,
and this composition is defined by the following
for (x,y) e AxB ,(y,2) e BxC,

then ps5,:(X,2) = m;ax[min(ﬂR (X, ¥), 15 (Y, 2))]
Thatis, SeRc AxC and Mg,z =M, e M,

Example:
Let A={1,2,3}, B={a,b,c,d}, C={a, 5, v}; The sets A, B and C shall be the sets of events.

Consider fuzzy relations, REAXB, SEBxC,
By the relation R, we can see the possibility of occurrence of B after A, and by S, that of C
after B.

For example,
by My, the possibility of aeB after 1eA is 0.1

by M, the possibility of occurrence of «a afterais 0.9

we cannot guess the possibility of C when A is occurred. So our main job now will be
the obtaining the composition SeRSAXC

o i Y
0.9 0.0 0.3
0.2 1.0 0.8
0.8 0.0 0.7
0.4 0.2 0.3

a b ¢ d
0.1 02 00 1.0
03 03 0.0 0.2
08 09 1.0 04

W N - |[U

Q 0 T 9|
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l

Suppose,
(L) = m;a\x[min{yR (L y), us (Y, )}]

= max{minu (1 &) s (& ), i (L), (0,0}, mina 1.6, 5 (¢, ) i (L 0. s (4, )}
= m?x[min{o.l, 0.9}, min{0.2,0.2}, min{0.0,0.8}, min{L.0,0.4}]

= m?x[O.l, 0.2,0.0,0.4]

=04

Hs.z (3, B) = maxmind ez (3, y), s (¥, B)}]
= max{minu, (3,2), s (3, A} mingus (3,b). s (b, A)}, mina (3,0), s (¢, A1}, mingas (3,0, s (A, )}
= m?x[min{0.8, 0.0}, min{0.9,1.0}, min{0.1,0.0},min{0.4,0.2}]
= m;atx[0.0,0.l, 0.9,0.2]

=0.9
SeR| a [ vy
In the same manner rest of the elements, 04 02 03
0.3 03 03
0.8 09 0.8

1.10.3 a-cut of Fuzzy Relation:

We can obtain a -cut relation from a fuzzy relation by taking the pairs which have
membership degrees no less than o .
Assume REAXB, and R, is a a-cut relation.
R, ={(x,y)|ur(x,y) = a,x € A,y € B}, R, is a crisp relation.

S| a B 7
a|09 00 03
Example: M;=p|02 10 08 ,LevelsetA={0.0,0.2,0.3,0.4,0.7,0.8,0.9,1.0}
c|08 0.0 0.7
dl04 02 03
Sla B 7 Sla B 7
all 0O all 0 O
Now, Ms.=b|0 1 1 Ms,=b|0 1 1
c|1 0 1 c|1 0 O
dl1 0 O dl 0 0 O
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1.11 Extension principle:

Let X be Cartesian product of universal set X=X;xX,X ... XX, and Aj, A,,....,A; ber
fuzzy sets in the universal set.
Then,

HAlezx....xAr(xpxz» ey Xp) = ]V”n[MA1 (x1), ---»ﬂAr(xr)]
Let function f be fromspace Xto Y, f: X =Y
Then fuzzy set B in Y can be obtained by function f and fuzzy sets A, A,.....,A, as follows:

0, iff 1(y)=0
Max )[Min{ﬂ,ﬁ (%) £, (Xp)ser 11, (%)} ] OtHeIWiSE

y=T (X XXy X... XX,

g (y) =

1.11.1 Extension of fuzzy relation:
For given fuzzy set A, crisp set B and fuzzy relation REAXB, there might be a mapping

function expressing the fuzzy relation R. Membership function of fuzzy set B' in B
is defined as follows :

For XEA, yEB, and B’CB, . (Y) = ylz\{l_;aé)[Min{uA(X), 12 (X, Y)}

Example:

Let, Al={(-1,0.1), (0,0.4), (1,1), (2,0.5),(3,0.1)}
A2={(0,0.2), (1,0.4), (2,1),(4,0.4),(10,0.1)}

Now the mapping f, defined for the CRISP arguments x; € A,x, € B by
_ . 1
z=f(xX1,X2) = %1+ 5%z,

Then,
B (Fuzzy Set) = f(A1,A2) ...........77777

Fundamentals of Fuzzy Sets Page 1/16



i

2= %+ 2% | Minfu, (%), i, (%)} | max(mins) = 5 (2)

-1 0.1 0.1

A2 002> 104> <> 404> 100 |l 05 U R O 4 R 04 R

Al 1 0 1 0 2 0 4 0.4

4444444 gy ey g gL 225 L _040140 2 L 014 L
5 0 1 0 1 O l
8

o1 | o1
0.1 0.1

-{i_—O-SLELEEEiEiiiLi}
01’ 01 '02’04"04’04"1’04705’0170.1°0170.170.17 0.1
1.12 Distance between fuzzy sets:

In space X, pseudo-metric distance d(A, B) between fuzzy sets A and B can be
defined by extension principle. The distance d(A, B) is given as a fuzzy set.

VS R, thy g = Max [min{, (@), 4 (0)}]

5=d (a,b)

Example:
Let, A={(1, 0.5), (2,1), (3,0.3)} and B={(2, 0.4), (3, 0.4), (4, 1)}

o0ed(AB) |acA|beB | u,(a)| uz(b) | min | Max,u(5),d(A, B)
0 1 04 | 04 0.4
0.3 04 |03
05 [ 04 |04 04
1 04 | 04
0.3 04 |03
0.3 1 0.3
05 [ 04 o4l 1
1 1 1

2 3}
1’1
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1.13 FUZZY NUMBER:

When interval is defined on real number R, this interval is said to be a subset of R. For
instance, if interval is denoted as A = [al, a3]; al, a3 € R,al < a3, we may regard this as one
kind of sets. Expressing the interval as membership function is shown in the following

0, ifx<al
Uy(X)=11 ifal<x<a3
0, if x>a3
If al = a3, this interval indicates a point i.e , [al, al] =al

Definition:

If a fuzzy set satisfy the following conditions :
convex fuzzy set
normalized fuzzy set
it’s membership function is piecewise continuous.
It is defined in the real number
It should have bounded support

YV VVYVYY

The convex condition is that the line by a-cut is continuous and a —cut interval satisfies the
following relation

A =87, a;]
a<pf=(a<al,a <a;)
#A(x) 'y
1
a‘ ................................................................
a“l ................................................................................
P : > x
J.fllmj:I {11{'&;| {Il{a} {I_:;,{'rrj:| {13{'&;} {IB{D}
I
Ag = [, &)

Ay = [a)', ay'7]

Fig 1.8 a-cut of fuzzy number (a'<a) = A, c A,
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1.13.1 Arithmetic Operations on Fuzzy Numbers:
In Classical interval analysis, 3 4 operations, namely +,-,- ,/
Let denote, = any of the 4 operations then [a,b]«[d,e]={f *g|a< f <b,d<g<e}
except [a,b]/[d,e] when 0<[d,e].

a-cut pproach:
Let A and B are two fuzzy no's & A, and B, be a-cuts of A,B respectively,a €[0,1]

then, “(A*B)="Ax“Band AxB={ | “(A*B)

1.13.2 Type of Fuzzy Arithmetic : Interval arithmetic
Extension principle

> Interval arithmetic method :

Definitions of operations of Intervals:

v [a,b]+[d,e] =[a+Db,b+e€]

v [a,b]-[d,e]=[a—b,b—¢]

v' [a,b]e[d,e] =[min(ad, ae, bd, be), max(ad, ae,bd, be)]
a
o )]1,where 0¢[d,e]

\/[a,b]/[d,e]:[a,b]o[lle,lld]:[min(g,%,g,g),max(g, %

b
d

eExamples :

1. [2,5]+][1,3]=[3,8]
2. [2,5]-[1,3]=[-1,4]
3.[3,4]:[2,2]=[6,8]
4.14,10}/[1,2]=[2,10]

» Extension principle method : Hpss (2) = sup[min{yA(x), Hg (¥)}]

Z=X*Yy

1.13.3 Operation of Fuzzy Number:

Previous operations of interval are also applicable to fuzzy number. Since outcome
of fuzzy number (fuzzy set) is in the shape of fuzzy set, the result is expressed in
membership function.

Vx,y,z € R

v’ For Addition(+)...... iy, (2) = maximin{u, (x), 5 (y)}]

v For Subtraction(-).... ¢, 5 (2) = max[min{zz, (x), g (¥)}]

v For multiplication(:).... .5 (2) = maxmin{ s, (x), g (¥)}]
v For division(/).... #ys (2) = max[mind, (x), g (¥)3}]
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v' For maximum(V).... 4.5 (2) = maxmin{, (x), 4 (¥)}]

V' For minimum(A).... g5 (2) = maxmin{z, (x), 445 ()}]

Examples:
Let,
A={(21),305)} ; B={(E1).405)}
() 4 Hp(x)
1 1
0.5 0.5
2 3 " 3 4
Fig 1.9(a) Fuzzy set A Fig 1.9(b) Fuzzy set B
Xy [ .00 s(y) [ min [ max(mins), z1,0.,5(2)
512 3 1 1 1 1
A(+)B=|6[3 3| 05 1 |05 0.5
2 4] 1 05 |05
713 4| 05 05 |05 0.5
2| X Y | up(X) pg(y) | min | max(mins), y yq(2)
212 4| 1 05 | 05 0.5
A-)B=[-1|12 3| 1 1 1 1
3 4] 05 05 |05
03 3| 05 1 (05 0.5
1.13.4 Types of Fuzzy Nomber: o
(9 BlX
1) Triangular fuzzy no l
2) Trapezoidal fuzzy no 0
3) Gaussian fuzzy no ‘
4) Quasi- Gaussian fuzzy no
5) Quadratic fuzzy no T
6) Exponential fuzzy no Fig 1.10
7) Quasi- Exponential fuzzy no
8) Fuzzy singleton etc. !
0.5
Here we Discuss only about Triangular and Trapezoidal
no’s....
-2 -1 0
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1.13.4.1 Triangular fuzzy no:

It is a fuzzy number represented with three points as follows : A=(a,,a,,a,)

This representation is interpreted as membership
functions

-

0 ,x<g
X—a
a, —a

X

a, <x<a,
ﬂA(X) =9

~

Now if you get crisp interval by a-cut operation.

4 u(x)

/|
(//lj} ) >

1 ag

Fig 1.11 a-cut of triangular fuzzy number
A= [all az, a3]

Then interval A, shall be obtained as [af,a%],Va € [0,1]

From the above picture ,
a -8 _3;,-a,
d, -4 d; —4a,

=a

=8’ =(a,-a)a-a & =a,-(3,-a,)a
A =M@ -a)a-a, 8- (8, -a,)a]

Example:

In the case of the triangular fuzzy number A = (-5, -1, 1),

the membership function value will be,

0 ,x<-5

XS poy<

/UA(X) =
3%5f13x31

0 ,1<x

here, A, =[(-1+5)a +5,1-(1+1)]
=[4a +5,1- 2]

Fundamentals of Fuzzy Sets

0.5

-6 -5 4 -3 2-1 0 1 2
I
AO.S

Flg 1.12 4=0.5 cut of triangular fuzzy number

A=(5-1,1)
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Operation of Triangular Fuzzy Number:

v" The results from addition or subtraction between triangular fuzzy numbers result also
triangular fuzzy numbers.

v" The results from multiplication or division are not triangular fuzzy numbers.

v Max or min operation does not give triangular fuzzy number.

Here we have to deal the operations with an example of their membership functions.
Let,

[0 ,x<-1 (0 ,x<1
X;rl,—1SXsl X—1 i1 _x<3
£p (X) =4 and 4 (X) = 4
3—X 5—-—Xx
1< x<3 , 3<x<5
2 2
. 0 ,3<x . 0 ,5<x

S A=[-1,13];B=[13,5]

and A =[2a¢ —-1,3—2«];B” =[2a +1,5 - 2]
(A+B)* =[4x,8 — 4]

(A—B)* =[4ax—6,2 — 4]

(A-B)* — {[—4052 +12¢a —5,4a? —16« +15], for « <[0,0.5]
[4c® —1,4a” —16a +15], for o [0.5,1]
(A/B)" {[(205 1)/ Qa+1),(3—2a)! 2a +1)], for « <[0,0.5]
[Cax—-1)/ (5-2x),(3—2x)/ (2a +1)], for « [0.5,1]
- we know that A*B = | (A*B)“,Va €[0,1]
A+B=[0,48]; A—-B=[-6,-22]; A-B=[-5315]; A/B= [—1,%,3]
but not triangular no Y

not triangular no

0, forx <0 2 77
1_ S
) x /4, forO<x <4
=
Hiarg) (8—x)/4, for4<x <8 “7 I I
0, for 8<x ‘ A —
1 ? : ? 3 4 5 is 7 8
Bl g8 |
*(A +8) |
Fig 1.13 A+B
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0, for -6 < x and x>2
Hiagy (X) =1 (x+6) /4, for-6<x <-2
(2-x)/4 ,for-2<x <2

0, for-5<xand 15< x
(3= (4-x)"?)/2 , for-5<x <0

X)(X) =
Hinmy () L+ x)2 /2, for 0<x <3
[4-(1+ X)llz]/2 ,for 3<x<15
0, for -1<x and 3< x
(x+1)/(2-2x), for-1<x<0
lu(A/B)(X) =

(@+5x)/ (2x+2),for0<x <1/3
(B3-x)/(2x+2), for 1/3<x<3

1.13.4.2 Trapezoidal fuzzy number:

a=1/2

&
=
]

1
AB —

=172

1 T
4 S5 & 7 B
|

I S[AxB)

T
]

— 1 & 1T 1T 1
10 11 12 12 14 15

Tl I T

o 1 2 3

Fig 1.16 A/B

We can define trapezoidal fuzzy number A as A = (ay, ay, as, a4)

0 ,x<ag
X—4
a -8
Ha(X) =1 1 a,sx<g
a; — X
a, — &

0 ,a, <X

8, <x<a,

8, S X<,

Ha(x)

1

Fig 1.17 trapezoidal fuzzy number A = (ay, az, as, as)

Operations of Trapezoidal Fuzzy Number similar to the Triangular Fuzzy Number.

Fundamentals of Fuzzy Sets
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Example:
Let two trapezoidal fuzzy numbersas A=(1,5,6,9);B=(2, 3,5, 8)
A =[4a+1-3a+9]

B, =[a+2,-3c+8]

- Va e [0, 1], each element for each interval is positive, multiplication between «-cut intervals will be
A -B, =[4a® +9a +2,9a” —5la +72]

ifa=0A-B,=[272]

if a=1A -B, =[15,30]

. A-B=][2,15,30,72]

A ’u
1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

(1.5,6,9)(¢)(2.3.58)=A(*) B

(1,5,6,9)=4 = (2,15,30,72)

(23,5,8)=R

I I T N T N RN TR T T I T T I |
L rrurnri LILIL
20 30 40

= LILELEL L LI |
60 70

LI =
10 50

Fig 1.18 Multiplication of trapezoidal fuzzy number

1.14 FUZZY FUNCTION:

Kinds of Fuzzy Function:
1) Crisp function with fuzzy constraint.
2) Crisp function which propagates the fuzziness of independent variable to dependent
variable.
3) Function that is itself fuzzy. This fuzzifying function blurs the image of a crisp
independent variable.

1.14.1 Crisp function with fuzzy constraint:

Let X and Y be crisp sets,and f be a crisp function. A and B are fuzzy sets defined on
universal sets X and Y respectively. Then the function satisfying the condition
a(X) < 15 (F(X)) is called a function with constraints on fuzzy domain A and fuzzy range B.

Example:
We shall investigate a function with the following statement.
“ A competent salesman gets higher income”
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Let X and Y be sets of salesmen and of monthly income [0,00] respectively. And A and B are
fuzzy sets of “competent salesmen” and “high income”.
In this case, the functions f: A — B satisfy Vx € Aand y = f(x) € B, us(X)<ugp(f(x))

1.14.2 Propagation of Fuzziness by Crisp Function:

Fuzzy extension function propagates the ambiguity of independent variables to
dependent variables when f is a crisp function from X to Y, the fuzzy extension function f
defines the image f(X) of fuzzy set X . That is, the extension principle is applied

0, iff 1(y) =0
Hin () =1 Max 1, (x),  otherwise
f(y)
Here we use the sign ~ for the emphasis of fuzzy variable.
Example:
There is a crisp function, f (X) =3%X+1
Where its domain is A = {(0,0.9), (1,0.8),(2,0.7),(3, 0.6),(4,0.5)} and its range is B =[0,20].

The independent variables have ambiguity and the fuzziness is propagated to the crisp
set B .Then, we can obtain a fuzzy set B’ in B

B’= {(1,0.9), (4,0.8), (7,0.7), (10,0.6), (13,0.5)}

1.14.3 Fuzzifying Function of Crisp Variable:
Fuzzifying function from X to Y is the mapping of X in fuzzy power set P(Y).
f:X - B(Y)
Example:
Consider two crispsets A=9{2,3,4}and B={2, 3, 4, 6, 8,9,12}
A fuzzifying function £ maps the elements in A to power set P(B) in the following manner

f(2) =B1,f(3) = B2,f(4) = B3
Where P(B)={B1,B2,B3}
Bl ={(2,0.5), (4, 1), (6.0.5)} B2 ={(3. 0.5), (6,1), (9, 0.5), B3 ={(4,0.5), (8, 1), (12, 0.5)}
1.15 Fuzzy bunch of functions:

Fuzzy bunch of crisp functions from X to Y is defined with fuzzy set of crisp
function f,(i=1...,n) and it is denoted as

f=A{(oup(UNIfi: X - Y}

Example:

Let X ={1, 2, 3}and f = {(f,,0.4), (f,,0.7), (f5,0.5)}
fix)=x, fL,(x) =x%,f3(x) = —x+1
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X [ £240)=x  fY,(x)=x* £, (x)=—x+1 f

1 104 107 0°° 1? (1) _ {10.7 ’ 00.5}
23 '"éaz"““"g“‘“"'Aﬁa“'““";'““"“':jpg'“““'"'“;(é;;;{;&pzjégzjiayjf
EYEE Cger T s [ §(3)=f-2%,3% 9}

1.16 Fuzzy Integration:

1.16.1) Integration of fuzzifying function in crisp interval:

In non-fuzzy interval [a, b],let the fuzzifying function have fuzzy value f(x) for x€[a,
b].Integration I(a, b) of the fuzzifying function in [a, b] is defined as

) b
I(a,b) = f fa+(x)dx+ffa‘(x)dx ,a ¢ |a € [0,1]

Here £} and f, are a-cut functions of f(x). Note that the plus sign(+) in the above formula
IS to express enumeration in fuzzy set but not addition. Therefore, the total integration is
obtained by aggregating Integrations of each a-cut function.

Example:

Let f = {(f1,0.4), (f2,0.7), (f,0.4)}
X=[112]1 fl(x): x, fZ(x) = Xz,f3(X) =x+1
Integration at a=0.7

f=falx) = x?
I,,(1,2) = jzxzdx _7
S 3

1

I.(1,2)={(7/3,0.7)}

Integration at a=0.4
There are two functions f* = fi(x)=xand f~ = f3(x) =x+ 1
2
3
17(1,2) = f xdx = 5

1

Io(1,2) = jz(x +1)dx = ;
loa(1,2) = {(g, 0.4> ) (g, 0.4)}

~I(ab) = {(g 0.7) ) (; 0.4) ) (g 0.4)}
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1.16.2) Integration crisp function in fuzzy interval:

Integration 1(A, B) of non-fuzzy function f in fuzzy interval [A, B] is defined as,

b
e (2) = max [mina, (), 15 (y)}], where 2 = [ f (u)du
Example:
Let A={(4,0.8), (51), (6,0.4)};B={(6,0.7), (7, 1), (8,0.2)}
f(x) =2,x € [48]
B B

f(A,B)=!f(x)dx=f2dx

A
[a,b] | [2dx | min[u, (a), s, (b)]
[4.6]| 4 0.7
WAl 6 o T
I I Y e
e 2 o7 ] -~ 1(AB)={(0,04),(2,0.7),(4,1),(6,0.8),(8,0.2)}
Bl 4T e T
I Y
we 0 Toa T
Al 2 Tos T
I Y

1.17 Fuzzy Differentiation:

1.17.1 Differentiation of crisp function on fuzzy points:

By the extension principle, differentiation f'(4, B) of non-fuzzy function f at fuzzy
point or fuzzy set A is defined as
Heay(Y) = ][T(]X%IL!A(X)
Example:
Let A={(-1,0.4),(0,2),(1,0.6)} and f (x) = x°

f'(x) =3x2, then f '(A) ={(3,0.4),(0,2),(3,0.6)} ={(0,1), (3,0.6)}

1.17.2 Differentiation of fuzzifying function in crisp interval:

Similar as integration of fuzzifying function in the crisp interval.
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Example:

Let f ={(f,,0.4),(f,,0.7),(f,,0.4)}, where f (x)=x, f,(x)=x? f,(x)=x>+1
f'(x) =1 f,'(x) = 2x, f,'(X) = 3x?

f,'(0.5) =1, where « =0.4

f,'(0.5) =1, where o =0.7

f,'(0.5) =0.75,where  =0.4

NCAN
. <a>0 = {(1,0.4), (1,0.7), (0.75,0.4)}

'={(1,0.7),(0.75,0.4)}
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Perspectives of Fuzzy Initial Value Problems

In the modeling of real world phenomena, often some or most of the pertinent
information may be uncertain. For example, the precise initial state may not beknown or
information  about various parameters required as a part of the model may be
imprecise.Many times, the nature of the uncertainty involved may not be statistical. In such
situations involving uncertainties, Fuzzy deferential equations(FDESs) are a natural way to
model dynamical systems. Here, we are interested in issues concerning Fuzzy Initial Value
Problems (FIVP).

Consider the initial value problem (IVP for short) for the fuzzy differential
equation
u' = f(t,w),uty) =up; to =0 (1)

Where f:] X E™ - E™; ] = [to, to + a],a > 0and (E™, d) is a complete fuzzy metric
space.

Let us first note that a mapping u:J — E™ is a solution of the IVP (1) if and only if it
Is continuous and satisfies the integral equation

u(t)=u0+_t[f(s,u(s))ds, ted @

We also observe that if u(t) satisfies (1) then dia[u(t)]” > dia[u,]*, « <[0,]]
where diam means the diameter of the set involved.

2.1 Lipschitz condition for possesses a unique solution:

dlf(t,w), f(t,v)] < kd[u, V] (3)

where u, v € E™. Then (1) has unique solution u(t) on J.

Proof: Reference
Example:

Let A,B:] » E be continuous. Define f:] X E - E by f(t,u) = A(t)u + B(t),
where the multiplication in E' is given by Zadeh's extension principle.

Let [A(t)]* = [af,a¥] and [x]* = [x{,x5] , Then a straight forward computation
shows that f (t, u) satisfies the assumptions of Lipschitz condition then (1) has unique
solution on J.



2.2 Existence of IVP:
Assume that f: ] x E™ - E™ and
d[f(t,u),0] <M, t€],ueE™,
where 0 € E™ isdefinedas 0(x) = 1if x = 0,and 0(x) = 0 if x # 0.
Then IVP (1) has a solution u(t) on J.
Global Existence of IVP:

Assume that f: R, X E" - E™,
d[f(t,w),0] < g(t, d[u,0]), where (t,u) € R, X E"
Where : R2 - R, , g(t,w) is non-decreasing in w for each t € R, and the max solution
r(t, ty, wy) Of (1) exist on [t,, ).

2.3 Approximate solution:

A function v(t) = v(t, ty, vy, €),€ > 0 is said to be an ¢ - approximate solution of (1)
if v:R, - E™,v(ty, ty, Vo, &) = vy and d[v’(t),f(t,v(t))] <&t 2>t

In case, e = 0, v(t) is a solution of (1).

2.4 Stability Criteria:

Before we proceed further to investigate stability results of fuzzy differential
equations, let us note the following fact. The solutions of fuzzy differential equations have,
in general, the property that dia[x(t)]* is non-decreasing as time increases. Hence the
formulation we have been working with is not suitable to reflect the rich behavior of
solutions of ordinary differential equations.

Example:
Let a € E have level set [a]* = [af, a¥] for « € I = [0,1] and suppose that a solution
x:[0,T] — E of the fuzzy differential equation

& = ax,on E (e 1)
dt

has level set [x(t)]* = [x{(t), x5 (t)]fora e land t € [0, T]
Now the Hukuhara derivative %x(t) also has level sets [% x(O)]* = [% xf‘(t),%xza(t)]

By the extension principle ,the fuzzy set f(x(t)) = ax(t) has level sets
[ax ()] = [min{ai'x{, afx3, agx{’, az x5}, max{ayx{, ay x5, a3 x{', a3 x5 }]

thus the fuzzy differential equation (e_1) is equivalent to the coupled system of
differential equations

Perspectives of Fuzzy Initial Value Problems Page2/2



PTR x1 (t) = min{a{'x{, af x3, a3 x{’, a3 x3'}

Exg (t) = max{afxf‘, a?Xg, agxl ’ aZ X2 }

(e_2)

for particulara = -1 € E
then (e_1) becomes, Z—: = —x,0nE
and (e_2) becomes ,

—x1 f(t) = —x5 and —x1 () = —xf (e_3)

Let us consider to an 1V x, € E with [xy]* = [x§;, x§,] fora € 1.
d2

 ya :__Xa — o

ezt dr e

~ AEis, m-1=0=m==+1

X¥ =ce' +c,et then x$, =c, +¢,
d t —t
—x1 =—x{ =ce' —c,e
Xy =—ce' +c,e thenx, =—c, +c,
1 o o 1 o (24
s ==(Xp — x5 ) andc, :E(XOI + X5, )
1 1 1 1
. a __ a a t a o —t a __ o a t o a -t
X _E(xm—xoz)e +§(x01+x02)e and X _—E(xm—xoz)e +§(x01+x02)e
when [X,]” =[a—-11-¢«], for a |

X = %((a D (1-a))e' +%((a D+-a))et = (a-1e'

and x¢ =—%((a—1)—(1—a))et +%((05—1)+(1—05))e_t = —(a —1)e'

[x()]" =[(a —De",—(x—-De'] = @ - a)e'[-1,1]
Va el andt >0, dia[x(t)]* =201— )€
Hence the solution becoms fuzzier as time increases.
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2.5 Definition(H-difference):
Let x,y € E. If there exists z € E such that x = y + z ; then z is called the
H-difference of x and y and it is denoted by x © y.
Here © sign stands always for H-difference and let us remark that x © y # x + (—1)y.
Usually we denote x + (—)y by x — y ; while x © y stands for the H-difference.

2.6 Solutions under strongly generalized differentiability:
Let f: (a,b) — E and x, € [a, b].We say that fis strongly generalized differentiable at
X, ,if there exit an element f'(x,) € E,such that
(i) Vv h > 0sufficiently small ,3 f(xq + h) © f(xy), f(x0) © f(x, — h) and the
limits (in (E, d))
f(xo +h) © f(x0) . f(x0) © f(xo — h)

h0 h A h =/ x0)
or

(i) vV h > 0 sufficiently small ,3 f(x,) © f(xo + h), f(x, —h) © f(x,) and the
limits (in (E, d))
f(x0) © fxo + h) — 1

lim im
h—0 —h h—0

[0 NOG) _ i,y

or

(iii) vV h > 0 sufficiently small ,3 f(x, + h) © f(x,), f(xo —h) © f(x,) and the
limits (in (E, d))
li f(xo +h) © f(xo) ey f(xo —h) © f(x,)
im = lim

h—-0 h h—0 —h

= f"(x0)
or

(iv) Vv h > 0sufficiently small ,3 f(x,) © f(xo + h), f(xo —h) © f(x,) and the
limits (in (E, d))

[ O f(xo+h) flx) © f(xg—h)

m = lim

}11—>O h h—0 —h

= f'(x0)

A function that is strongly generalized differentiable as in cases (i) and (ii) , will be
referred as (i)-differentiable or as (ii) differentiable, respectively.

As for cases (iii) and (iv), a function may be differentiable as in (iii) or (iv) only on a
discrete set of points (where differentiability switches between cases (i) and (ii)).
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Theorem: If f(t) = {x(t), y(t), z(t)} is triangular number valued function, then
a) If uis (i)-differentiable (Hukuhara differentiable) then f' = (x',y’',z").
b) If u is (ii)-differentiable (Hukuhara differentiable) then ' = (z',y’,x).
Proof:
The proof of b) is as follows. Let us suppose that the H-difference exists. Then, by
direct computation we get
limf(t) S ];l(t +h) _x(@®) —x( + h)y@® - yh(t +h),z(t) —z(t + h)}
h—-0 — —

_(z@®)—z(t+h) y@®)-y(t+h) x(O)-x({E+h)\ _ , / _; 1
_( —h ’ -h ’ -h )—(z,y,x)

Similarly, limj, ., w

- — (Z,,y” xl)

2.7 Existence of several solutions under Hukuhara differentiability:
In the following equivalent crisp differential equations are considered
u'=—-u+oa(t),u —o()=—-uandu' +u = o(t), u(0) = u,

When these equations are fuzzified we get three different fuzzy differential equations and
exhibit very different behaviors. In this section, we begin with the inequivalent homogeneous
FIVPs, and then contrast their behavior with the behavior of the solutions of the
corresponding nonhomogeneous FDEs. In this section we use exclusively the Hukuhara type
differentiability.

Example:
Let us consider FIVP
u' = —u,u(0) =(-1,0,1)
The solution of this problem is u(t) = (—et, 0, et). Its graphical representation is

# exp(t)
-
™ _exp(t)

150

100

50

-50 t

-100

-150
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|

Surely since (i)-differentiability is in fact Hukuhara differentiability we obtain the
unstable solution of the above figure. Under (ii)-differentiability condition we get the
solution u(t) = e~¢(—1,0,1). Solution of above equation under (ii)-differentiability is
represented in the below figure.

s

e

o8- /-'

I 1 1 1 1
a O.E 1 1.5 2 2=

W

Now, if we consider the corresponding equivalent nonhomogeneous FIVP,

u' +u=2et-10,1),u(0) = (—1,0,1) (1)
u' = —u+2e7t(-1,0,1),u(0) = (—1,0,1) (2)
u' —2e7%(-1,0,1) = —u,u(0) = (—1,0,1) (3)

Now from (1),we get

u'+u=2e'(-101),u(0)=(-101)

for x fory for z
X+Xx=-20"x(0)=-1|y+y=0;y0)=0|z+z=2e";2(0)=1
X(t) = —(2t +1)e™ y(t)=0 Z2(t) = (2t +1)e™

SU(t) =[x(), y), z(t)] =[-(2t +1)e™,0, (2t +1)e™]
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So, we get that u is a solution of (1) on [0,0.5],we consider it on this interval only,
however it exists on [-0.5,0.5].

We now demonstrate the behavior of the solution when we consider the FIVP (2)
in a different formulation.

u'=-u+2e"(-10,1),u(0)=(-10,1)

for x fory for z
X'=-7-2¢"x(0)=-1|y'=-y;y(0)=0 | z'=—x+2e";2(0) =1
X(1) = (2t +1)e” y(©)=0 2(t) = (2t + e

~u() =[x(0), y), 2] =[e " - 2¢,0,2¢ " —e],t € (0, 0)

3ao0

200 —

100 -

—100 =

—200 -

—200
a

1 1 1 1 1 1 1 1 1
0.5 1 1.5 2 25 3 35 4 4.5 5
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Let us consider the last equation on the list of inequivalent FDEs (3) obtained from
equivalent crisp ODE

u'—2e"(-10,1)=-u,u(0)=(-1,0,1)

for x for y for z
X'-26"'=-z;x(0)=-1| y'=-y;y(0)=0 | z'+ 2" =—x;z(0) =1
x(t)=-e" y(t)=0 z(t)=e"

~ut) =[x, y@), z®]=[-e",0,e"]
but in this case u is not H-differentiable since the H-differences u(t + h) © u(t)
and u(t) & u(t — h) do not exist.

We observe that the solutions of the equations (1) and (2) behave in quite different

ways, as shown in Figures ,however these equations are different fuzzyfications of
equivalent crisp ODEs.

Now we consider another example in two different formulations to see illustrate the
situation.

Firstly let us consider the homogeneous FDE,

u'=u,u(0)=(2,3,4)

It is easy to check that u(t)=¢'(2,3,4) is Hukuhara differentiable solution of the above
equation over [0;1). This solution is illustrated in the following Figure
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Consider the initial value problems

u' =u+ (1,2,3)t,u(0) = (2,3,4) (4)
u' + (—=1)(1,2,3)t = u,u(0) = (2,3,4) (5)
u' —u=(123)tu(0) =(234) (6)

Now from (4),

u'=u+(1,2,3)t,u(0)=(2,34)

for x fory for z
X'=x+t;x(0)=2 | y'=y+2t;y(0)=3 | z2'=2+3t;2(0) =4
x(t)=3e'-t-1 | y(t)=5e'-2t-2 | z(t)=7e' -3t-3

~u(t) =[x(@), y(t), z(t)] =[3e' -t -1,5¢' =2t -2, 7e' -3t - 3],t € [0, )

Is Hukuhara differentiable and it is a solution of (4)
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120

100

ao0r

80

=0

201

It’s graphical representation is

Now from (5),

u’+(

-1)(1,2,3)t=u,u(0)=(2,3,4)

for x fory for z

X'—

t=x;x(0)=2|y'-2t=vy;y(0)=3|z'-t=2;z(0) =4

x(t)=5e"-3t-3 | y(t)=5e"-2t-2 | z(t)=5e" —-t-1

sou(t) =[x(), y(t), z(H)] =[3e' —t —1,5e' —2t —2,7e' — 3t —3],t [0, 0)

Is Hukuhara differentiable and it is a solution of (5)

It’s graphical

Perspectives of F

representation is shone in the next picture

uzzy Initial Value Problems
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Now from (6),

U —u=(1,2,3)t,u(0)=(234)

for x fory for z
X'-z=t;x(0)=2 y'—-y=2t;y(0)=3| z'-x=3t;z(00=4
x(t)=5e"'-3t—-2e" -1| y(t)=5e"-2t-2 |z(t)=5"-t+2e" -3

Sou(t) =[x(), y(), z(t)] =[5e' -3t —2e™"* —1,5¢' -2t —2,5e' —t+2e™" —3],t € (In2,0)

Since this is not a solution near the origin we do not consider it a proper solution of the
problem (6).

= The graphical representation of the solutions of (4) and (5) can be seen
in the above figer respectively. Again we have quite dif ferent behavior. Indeed,
for the second solution we could say that it is "relatively stable",i.e.the
uncertainty is quite small w.r.t.the core for large values of t.
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Chapter 3 Application of Fuzzy Initial Value Problems Page3/1

A PREY PREDATOR MODEL WITH FUZZY INITIAL VALUES
Here we discuss the prey predator model with the help of an example.

Consider the following prey-predator model with fuzzy initial values. Before
giving a solution of the fuzzy problem we want to find its crisp solution.

ox =0.1x—-0.005xy
dt

] > with initial condition x(0) =130, y(0) =40
d—i’ =04y +0.008xy

where X(t) and y(t) are the number of preys and predators at time t, respectively.

Crisp solutions for the above problem are given in the below Figure
140 .

I I ] I

x(t)
yit)

Let the initial values be fuzzy i.e x(0) = 130 and y(0) = 40 and let their a-level sets
be as follows



x(a) = [130]“ = [100 + 30¢z,160 — 30c(]
y(a) = [40]“ = [20 +20cr, 60 — 20]

Let the a-level sets of x(t, @) be [x(t, ®)]* = [u(t, @), v(t, @)], and for simplicity denote
them as [u, v], similarly [y(t, @)]* = [r(t, a),s(t,@)] = [r,s].
Then
[u',v]=0.1u,v]-0.005[u,v].[r,s],

[r',s]=-0.4][r,s]+0.008[u,V].[r,Ss]

Hence for o= 0 the above initial value problem derives

1) If x(t, ) and y(t, a) are (i)-differentiable then the above problem becomes

u'=0.1u—-0.005vs
v'=0.1v-0.005ur
r'=-0.4s+0.008ur

s'=-0.4r +0.008vs
with u(0) = 100, v(0) = 160,7(0) = 20,s(0) = 60

2) If x(t, ) and y(t, a) are (ii)-differentiable then the above problem becomes

v'=0.1u—0.005vs
u'=0.1v—-0.005ur
Ss'=-0.4s+0.008ur

r'=-0.4r +0.008vs
with u(0) = 100, v(0) = 160, 7(0) = 20,s(0) = 60

Now for @ = 0 the graphical solution of all possible cases are given below
In the below picture ,

(1,1) means that x(t, «) and y(t, «) are (i)-differentiable,

(1,2) means that x(t,a) is (i)-differentiable and y(t,a) is (ii)-differentiable,
(2,1) means that x(t,a) is (ii)-differentiable and y(t,a) is (i)-differentiable,
(2,2) means that x(t,0) and y(t,a) are (ii)-differentiable,
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Fuzzy solutions of the Problem for a = 0

Now if we analyze the above Figure, we observe that when x(t, ) and y(t, a) are
(2)-differentiable the graphical solution is biologically meaningful, furthermore the graphical
solution is coherent with the crisp solution. On the contrary, when x(t, @) and y(t, @) are
differentiable as (1,1), (1,2), (2,1) the graphical solutions are incompatible with biological
facts.

So we focus on the situation when x(t, @) and y(t, «) are (ii)-differentiable. We give
the crisp graphical solution and fuzzy graphical solution when x(t,«) and y(t, a) are (ii)-
differentiable on the same graph for a« =0 and « € [0,1]. The crisp solution and fuzzy
solution for « = 0 are given in the below Figure.
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Crisp solution and fuzzy solution for a = 0

In below two Figures, if we set « = 0, we see the crisp solution confined by the left
and right branches of the dependent variables x(t), y(t). For example in Figure, x(t) is
confined by u and v for « = 0. Additionally, if we set @ =1 the projection of the peaks of the
triangles coincides with the crisp solution.
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y(t)for a € [0,1]

As we see in this example, the uniqueness of the solution of a fuzzy initial value
problem is lost when we use the strongly generalized derivative concept. This situation is
looked on as a disadvantage. Researchers can choose the best solution which better reflects
the behavior of the system under consideration, from multiple solutions.
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Chapter 4

Conclusions And Future Work

Surely, the multitude of solutions that are obtained is not really a
disadvantage, since from all the solutions we can find those which
better reflect the behavior of the system under study. This selection of
the best solution in our opinion can be made only from an accurate
study of the physical properties of the system which is studied. This
makes it necessary to study fuzzy differential equations as an
independent discipline, and exploring it further in different directions
to facilitate its use in modeling entirely different physical and
engineering problems satisfactorily. In this sense, the different
approaches are complimentary to each other.

As we see in this work, the uniqueness of the solution of a fuzzy
initial value problem is lost when we use the strongly generalized
derivative concept. This situation is looked on as a disadvantage, but
actually it is not because researchers can choose the best solution
which better reflects the behavior of the system under consideration,
from multiple solutions. Here a question may arise. Which solution is
the best? The answer for this may come after a precise analysis of the
physical properties of the system which is under study.
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